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Abstract— Scheduling optical packet switches with minimum
configurations has been proven to be NP-complete. Moreover, an
optimal scheduling algorithm will produce as many as @{log N)
empty slots in each switching per time slot for an N x N
optical switch. The best known algorithm approximates the
optimal solution in O(N*5) time. In this paper, we propose
an algorithm called DNC with minimal time complexity &(N?)
based on divide-and-conquer paradigm. The pumber of empty
slots created by onr algorithm is upper bounded by &{N).
‘However, simulation results indicate that it is approximately
O(log N) on average. Therefore, our algorithm is more practical
and beats the previous ones when optical switches have large
reconfiguration overhead.

I. INTRODUCTION

Optical fabrics based on micro-electromechanical system
(MEMS) mirror [1], thermal bubble [2], waveguide [3], and
similar technologies [4] have been developed to meet the
explosion of the internet traffic demands. They further pro-
vide potential benefits including scalability, high bit rate,
and low power consumption on economical bases. However,
reconfiguring the fabric connections for optical switches are
more time-consuming than their electronic counterparts, due
to mechanical settling and synchronization.

A common approach to diminish the effect of large reconfig-
uration delays is to periodically accumulates incoming traffic
before constructing a schedule that delivers the packets to the
output. Certain schedule consists of a number of switching
patterns. Each holds for a period of time slots. Because the
duration of both accumulating and transmitting packets shall
be the same for stability reasons, transmission speedup is
required in order to compensate not only fabric reconfigu-
ration delays but also inefficient use of time slots caused
by scheduling algorithms, Nevertheless, optimizing scheduling
cost for the optical switch scheduling (OSS} problem has been
proven to be NP-complete [5]. This suggests looking for fast
approximation algorithms that come close to the optimum
solution in polynomial time.

As the reconfiguration delay is very large compared to the
siotted time, it is always desirable to minimize the number
of switchings. There are several algorithms proposed. For
example, K-TRANSPONDERS [6] uses the least number of
switchingsrbut is impractical due to its large time complexity.
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Towles and Dally invented a better algorithm MIN in [7] with
guaranteed performance bound, However, the time complexity
of MIN is still considered to be quite large. This is because
traditional methods employ bipartite matching aigorithms or
edge coloring algorithms as subroutines. Therefore, in order
to accelerate scheduling algorithms for OSS problem, one has
to look into some other paradigms.

In this paper, we devise a novel algorithm (DNC) based on
simple heuristic, namely divide-and-conquer. It tums out o
be a fast algorithm at the cost of large asymptotic worst case
bound on wastage. Qur algerithm works in time proportional
to the size of the switch, which is the minimal amount one
can get. On the other hand, although there are more wasted
time slots produced by DNC in the worst case, our simulation
results provide the evidence that the expected number is kept
at low level,

In the remaining of the paper, we will first introduce all
technical aspects of OSS problem and its related researches
in Section 1I. The description of our scheduling algorithm is
given in Section III, followed by its performance analysis in
Section IV. The simulation data and discussion is presented
in Section V. Finally, we draw our conclusion in Section VI,

I1. PRELIMINARIES

In an N x N optical switch, the incoming traffic rates is
denoted as an N x N matrix A = [A, j]n« . The traffic is said
to be admissible if and only if no input port or output port is
oversubscribed. In other words, 37, Aij < 1and 37, Ay < 1.
Moreover, there is at most one packet received from any input
port or dispatched (0 any output port in one time slot.

An optical switch works in a three-phase cycle as shown in
Figure 1. The three phases in turn are accumulating packets,
scheduling, and wransmitting packets. Let T" be a pre-defined
system parameter, After the accumulating phase of T time
slots, we obtain a demand matrix D = [d; ;] 5 < in which any
row sum and colurmn sum should not exceed the accumulated
port capacity under admissible traffic. That is,

Sdiy<Tand Y dij <T, (T>N) (1)
i b
We will refer Equation (1) as admissible traffic condition in
our later discussion.
The switch does the scheduling task in the second phase
and switches the packets to output lines in the third phase. In
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such a manner, pipelining 1s allowed and we are guaranteed
to have the worst case switching delay bounded by the sum
of the time spent in the three phases. As shown in Figure 1,
we assume the duration of all three phases is T for the ease
of analysis although they could be different. However, it is
critical that the third phase never takes longer than the batch
time T because otherwise the optical switch is not stable. In
this model, the switching delay is at most 3T, because packets
that arrive in the first phase are guaranteed to departure after
the third phase.

Stage

E Swilch reconfiguration D Packet dispatching

i N

. s
- -

&&ﬁ Transmitting
@N Scheduling

RS s Accumualating
T 27 37

Time
Fig. I. Three phases of optical switching and pipelining.

Optical switches set up a bipartite matching (shown in
Figure 2) between inputs and outputs in order to dispatch
packets in one time slot. This elementary unicast operation
can be modelled as generating a (partial) permutation matrix
(i.e. switching) P = [p; jlnxx which is a 0-1 matrix with at
most one “17 on each row or column. An “1” on ith row jth
column indicates that input ¢ shall connect with output 7 in the
current switching, In general, we want a scheduling algorithm
that produces N, switchings P®) (1 < k < N,), each lasts for
¢ time slots, that covers the demand matrix, This constraint
can be written as » _, qbkpg;) > d; ;, where pg;) is an entry in

matrix P&,
Input Output
00 1---0
000 -1
p=-| 000 -0
1 00---0

Fig. 2. Example of bipartite matching ¢left) and permutation matrix {right).

Each time the optical switch starts up a new connection, it
introduces a reconfiguration overhead . Assuming that T is
larger than Ty, = N, 6, in order to ransmit all packets in 1"
time slots, speedup is required both to cover the reconfigura-
tion overhead and 1o compensate for empty slots left by the
scheduling algorithm. Since Thnirn time slots for reconfiguring
the optical switch is substantial, only T — T),;, time slots
are available for actually transmitting packets. Therefore, the
speedup required by the schedule is

-

Given that § is an unavoidable and dominating factor,
minimum number of switchings is desirable in most cases.
Let r; and ¢; denote the number of nonzero entries on
row i and column j respectively, Gopal and Wong have
shown that Ny = max{max;{r:}, max{c; }} is necessarily the
minimum number and indeed achievable in O(N'*) time [6].
Consequently, ¥y = N is sufficient and then the denominator
in (2) is fixed. Our objective becomes

Ny
min T, = > . (3)
k=1

A side-effect comes together with minimizing the number
of switchings. We are expected to see a lot of empty slots. By
constructing an adversary input, Towles and Dally has proven
the following lemma in [7].

Lemma 1. Any scheduling algorithm attempting to use only
N switchings will cause at least ©(T log N') empty slots in
each switching.

Beside that, They also shown that their algorithm MIN
achieved this lower bound in O(N3%) time.

The above mentioned approaches use exactly /V switchings,
and are in fact non-preemptive scheduling algorithms. That is,
all the packets from input ¢ to output j must be delivered
during one switching configuration. Whereas in preemptive
scheduling, they can be split and covered by several permuta-
tion matrices if necessary. However, it will generally introduce
more than N switchings, up to a number of (N2 — 2N + 2)
[9]. Preemptive scheduling on optical switches is inherently
difficult: even approximating it within a factor of 7/6 is NP-
hard [8]. Some of the preemptive scheduling algorithms can
be found in [5], [7]-[10].

III. ALGORITHM DNC

Before we formally introduce our algorithm, let us first
present the idea with some notations defined. First, let’s
assume N = 27, where n is an integer. Note that this
is a common situation in actual hardware implementation.
Consider any 2! x 2¢ demand matrix, denoted as D; (i > 1).
We can divide it into four parts, each of size 2871 x 2071,
as shown in Figure 3. In counter-clockwise order, we denote

o]
9, 1
e [m | LY
11
D, L ®
o o0
2} DY !
$ =max{o +0,} !
o

Fig. 3. Divide a 2*x 2% matrix into 4 parts (left) and an example of combining
two switchings in D}_; and D3 (right).

them DI, DIy, DI and DIY|. These sub-matrices can

be regarded as subproblems and be further divided until the
size reaches 1 x 1,

- S ok In a bottom-up manner, we are able to obtain the swilch-
§= T —Toin @ ings of all subproblems. That is, for each subproblem, we
0-7803-8924-7/05/820.00 (c)20035 IEEE. 208



obtain 2°7! switching configurations associated with weights
®1, - - -, Oai—1, Tespectively. Observe that the solutions of any
two sub-matrices along the diagonal can be combined without
any column or row confliction. This is because the unicn
of two disjoint permutation matrices is still a permutation
matrix. Therefore, the 2¢ switchings of DI, and D!} can
be packed into 2i~! double-sized switchings. One instance
of such combine operations is shown in Figure 3. We let
the larger weight of the two combined switchings become
the new weight of its union. The intuition is that packing
two switchings with roughly same weights will result in lictle
wastage. Therefore, we first sort the switchings according to
their weights for both D!_, and D', Then we process the
combination in the sorted order. After that we obtain 27!
switchings for D;. Symmetrically, the other 2¢~! switchings
and weights can be obtained by combining DIL, and DIV,
As a result, we construct the 2° switchings and weights for
D;, which are then available to form the schedules for L) ;.
Next, we provide the pseudo-code of our algorithm named
DIVIDE-AND-CONQUER (DNC) below.

Algorithm DNC(Dy)
Input.

N x N non-negative integer matrix b),,, where N = 2",
Quiput:

A set of configuration matrices P4V, ... PU¥) and corre-
sponding non-negative integer weights ¢1,..., ¢n.
Procedure:

If n = 0, assign the single element to form P} and its
value 10 be ¢, and then return,

Otherwise,

1) Divide:

Partition D, into four disjoint 2% ! x 2"~1 sub-matrices
of following:

Dl _,={de}, 157 S%and%%—lé c< N;
DI, = {4, 12me
DLy ={dyc}, %Hs r<Namdl<c<
Dlvlw{drc} ?+1S CSN
2} Conguer:
Recursively call DNC(DI_)), ¢ € {I, 1[I, IV}.
3) Combine:

a) Sort the weights in non-ingreasing order for each
sub-matrix, such that ¢5(D?_,) is the kth largest
weight in DY _,, where ¢ € {I,ILIIL IV},

b) Merge the results from the recursive call according
to the sorted order and construct the weights and
switchings, i.e.,

¢r — max{d}k(Dﬁ_l) ék(Dgll}}
$xpr — max{oe(Dy 1), x(DrY 1)}
PR — PE(DL ) uP®(DIL,)
PE — PODL)uPMDY )

4) Output the result.
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We demonstrate our algorithm on the following simple
example. Consider the following 4 x 4 demand matrix

2w 5wl [20] 48]

16 27 16 10

1w e |7 ) [
20 0 21 0

which has been partitioned into four 2 x 2 matrices. After
further partitioning, all matrices are 1x 1, and can be scheduled

trivially. As an example, the upper-left matrix DIl is decom-
posed as
2 10 22 {10]
{ 16 27 J = 18] [27)

The resulting four 1 x 1 matrices are immediately available
for combining. It yields
1 0
o1

with weights ¢; (DI1) = 16, ¢ (DIF) = 27. Similarly, we have

01

PP = { - ] and P2 (D) = [

01 1 0
P<1>(D‘1")=[1 0] aﬂdP(”(Di">=[o 1]’

with weights ¢, (DY) = 21, ¢o( DY) = 8 for DIY. Arriving
at the combine step, we first sort the weights. After sorting,
PO(DIY) and PA)(DIY) swap their places, while P (DY)
and P(D!Y) remain the same. Then merging the four
switchings yields

10 00 01 00
@ |01 00 w_ |1 000
P=10 00 1| ®™PY=14 01 0|
00 10 00 0 1

with weights ¢3 = 27, ¢, = 16. We can perform similar
operations on the other diagonal, w0o.

The correctness proof of DNC involves two parts. First we
shall prove that exactly N permutation matrices are used for
scheduling ¥ x N demand matrix. This can be shown in-
ductively by the arguments presented in the second paragraph
of this section. Secondly, we shall prove that the resulting N
switchings cover the demand matrix. Recall that we choose
the larger weight as the new weight after merging two sub-
mairices. Therefore, it must be larger than all entries that are
covered by the two sub-matrices. By induction, it is easy to see
that the ultimate weight is not smaller than any entry that is
covered by the corresponding switching. This condition holds
for every switching DNC produced. In summary, DNC creates
exactly NV switchings that cover the demand matrix.

IV. PERFORMANCE ANALYSIS

The performance of our algorithm is analyzed in two
aspects. We will first give a tight bound for its ime complexity.
Then we show the efficiency of our algorithm in terms of the
number of empty slots it produces.
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A. Time Complexity

Since DNC follows standard divide-and-conquer paradigm,
we can write its time complexity X (N) as

~_ | eq) if N =1,
X(N)= { 4X(&)+ O(NlogN) otherwise.

In the above recurrence relation, 4X (%) comes from four
recursive calls in the conguer step. The assignments of new
weights and switchings are of O(1) time each and are dom-
inated by the sorting operation. So O(N log &) is the worst-
case time complexity of the combine step. The titne complexity
of other operations is at most O(N), thus omitted,

By Master Theorem [11], X (N} = ©(N?). This indicates
that the overall time complexity of the algorithm is propor-
tional to the number of elements in the demand matrix. One
can hardly find an other algorithm that runs faster than DNC
asymptotically.

B. Efficiency

Due to the difference of the weights of two sub-matrices,
every combine step will cause a few empty slots, In this
subsection, we will show an asympiotic bound on the number
of empty slots for our algorithm.

Consider the scenario depicted in Figure 3. The total number
of empty slots in D;, denoted by £(f%), is coming from six
soutces. They are

 empty slots from four sub-matrices, i.e., E(Dj_,} where

g€ {LLI,III, IV},
« empty slots from the merging operations in the combine

step, i.e.,
fer = 20 3 (|ew(DL ) - u(DI)|
1k<2i—1
+[8(DIL,) - $(DIY,)]). @

We multiply every difference by 2¢~! because all 27!
elements in the switching with smaller weight contribute
empty slots.

Sum them up, we have

E(D;) =

>

ge{LILITI,IV}

E(D]_\) + fi-1- (5)

It is again a recurrence relation. Hence, we can derive E(D,,)
by Master Theorem.

However, it is not trivial to estimate f; for every possible
i. We are only able to show the asymptotic bound of E (D),
from another perspective. In the worst case, each switching
configuration has asscciated weight 7, but covers only one
nonzero entry (which has to have value T) of the demand
matrix D. In this case, it is easy to see that each swiiching
wastes O(NT') time slots in the worst case. Notice that this
worst case bound is valid for any OSS algorithm that attempts
10 use minimum configurations.

It is possible to construct a malicious adversary matrix that
torces DNC actually reach the worst case bound. We give such
an input as follows. We construct the adversary matrix Dgq,

0-7803-8924-7/05/$20.00 (c)2005 IEEE.

by setting all dj ;1 =T for 1 < j < ¥+ and all others
entries zero. Portion of such a matrix is shown below.

The adversary matrix clearly fulfill the admissible traffic
condition as its row sums and column surns are no larger than
T. DNC will produce N/2 switchings for D), 4, thus create
N(NT —1)/2 empty slots in total. While on the other hand,
the optimal algorithm will produce only one switching with
NT/2 empty siots. In this case, DNC produces T, = O(NT).

The worst case bound on the number of the empty
slots seems to be very large compared to the lower bound
O(T'log N) mentioned in Lemnma 1. However, the adversary
input also hint that it is really unusual to have such kind
of demand matrices. This suggests further exploration on the
average number of empty slots produced by DNC.

V. SIMULATION AND DISCUSSION

The purpose of this simulation is to experiment the actual
performance of DNC in terms of its efficiency. Details of our
methodology and outputs will be discussed in this section.

In our first experiment, we fix the size of the switch to be
N = 210 The input demand matrices have random entries.
The values of T is also random and T >» 10N. Some of
matrices are sparse and the others are dense, reflecting the fact
that network traffics are by nature various. After running DNC
on 104 such random matrices, we normalize the tesulting T,’s
with respect to T'. The statistical distribution of these T, /T"s
is shown in Figure 4.

1400 T T T T T T

12001 -

600

Humber of sampies

200+

186 1.58 17 1.72 174 1.76 t78 18
T&/T (N=1024)

Fig. 4. Statistical distribation of T, /T over 10? demand matrices by DNC
on a 219 3 219 gwitch.

The arithmetic mean of these .10# sample executions is
about 1.7597, with standard deviation arcund 0.0179. From
the figure, we also see that the majority of the outputs vary
from 1.72 to 1.79, which form approximately a (aussian
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distribution. This implies that DNC runs quite stabie on a large
set of inputs.

Our second experiment tests how T, changes on various
N values. The size of the switches ranges from 2! o 22,
The input demand malrices are generated at random as before.
We have seen from the previous experiment that arithmetic
mean (MEAN) and standard deviation (STD) essentially capture
the distribution of T,/T. It is not necessary to present our
result in full detail. Therefore for each N value. we collect
the statistical data over 109 DNC executions, summarized in
Table 1. In the same table, we also compare the growth of
T, /T with that of log, V.

TABLE [
COMPARISON BETWEEN T, /T° AND logy N, (N = 2%, 212)

n=log, N | MEAN STD | (Ts/T—1):logy N

1 1.0000 0 0

4 1.1065 | 0.0000 0.0533
3 1.2632 | 0.0000 0.0877
4 1.3972 | 0.0000 0.0993
5 1.4474 | 00019 00893
6 1.5117 | 0.0032 0.0853
7 16022 | 0.0115 0.0860
8 1.6725 | 0.0271 0.0842
9 17184 | 0.0121 0.0798
10 1.7595 | G.0110 0.0760
11 L7952 | 0.0171 0.0719
12 18162 | 0.0262 0.0680

When N becomes larger and larger, the accuracy of our
statistical estimation shall drop because the sample space is
not sufficiently large to cover all possibilities. Even though,
it is clear that T, /T grows more or less linearly with respect
to log, ¥V as implied from the last column of Table I. It is a
supportive evidence to our conjecture that DNC produces on
average O(log N) empty slots. It also confirms us with the
intuition that DNC performs badly with very low probability,
only on those artificial adversary inputs.

V1. CONCLUSION

Along with the fast development of Internet, optical switch-
ing technologies are becoming attractive for its huge capability
and scalability. The disadvantage of optical switching comes
from large reconfiguration overhead due to the technology
constraints. Because of the NP-completeness of the OSS
problem, few scheduling algorithms have been both fast and
efficient, The DNC algorithm proposed in this paper provides
an alternative that runs in minimal amount of time with
bounded inefficiency in the worst case. It also guarantees that
the number of configurations required 1s minimum, which also
means minimum reconfiguration overhead.

By conducting simulations on large number of random
inputs, we observe that the average wastage of time slots
is about O(log &), It would be an interesting question for
future study to show whether or not it is a coincidence.
Moreover, since we applied a totally different paradigm for

0-7803-8924-7/05/$20.00 (¢)2005 IEEE.

QOSS problem other than bipartite matching or edge coloring,
future researches could also look for better heuristics that
solve the problem. Another open question is whether divide-
and-conguer scheme could be improve the performance of
preemptive scheduling algorithms that allow N, > N,
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